Simulation details
We employ the Monte Carlo method to track the magnetic states and associated phase transitions in such dipolar square spin ice model with different monopole density. In our simulations, the long-range dipolar interaction is treated using the Ewald summation scheme, avoiding the errors induced by the conventional finite truncation method. In order to track the monopole-ordered phases, we employ the conserved monopole algorithm (CMA) 1 , which applies to a statistical ensemble with a fixed monopole density over the whole T-range.
According to the CMA, any spin flip creating or destroying monopole is strictly forbidden.
Considering a neighboring Vi-Vj vertex-pair, which is denoted as the Vi,j-pair, any single spin flip will carry a monopole from one vertex to the other. Therefore, relationship 
Physical properties of the system in the  =0.5 case
Here we present some of our simulation results at the case  =0.5. Figure S1 shows the specific heat and the order parameters of the system. There are three order parameters in our system, and they are the vacuum order parameter (MV), charge crystal order parameter (MC) and the staggered charge order parameter (Q). Three peaks in the specific heat curve indicate that the system goes through three phase transitions in an annealing process. At the temperature range T/D>0.4, the system is in the monopole fluid state. As the temperature decreases, MV quickly rises to 1, indicating that the system is in the vacuum ordered state. Furthermore, a phase transition occurs at about 0.23D leading the system to a staggered charge ordered state. When the temperature decreases blow 0.1D, the charge crystal order parameter rapidly rises to maximum, corresponding to a phase transition to the monopole crystal phase. 
